For charged black holes in Hořava-Lifshitz gravity, a second order phase transition takes place in extended phase space where the cosmological constant is taken as thermodynamic pressure. We relate the second order nature of phase transition to the fact that the phase transition occurs at a sharp temperature and not over a temperature interval. Once we know the continuity of the first derivatives of the Gibbs free energy, we show that all the Ehrenfest equations are readily satisfied. We study the effect of the perturbation of the cosmological constant as well as the perturbation of the electric charge on thermodynamic stability of Hořava-Lifshitz black hole. We also use thermodynamic geometry to study phase transition in extended phase space. We investigate the behavior of scalar curvature of Weinhold, Ruppeiner, and Quevedo metric in extended phase space of charged Hořava-Lifshitz black holes. It is checked if these curvatures could reproduce the result of specific heat for the phase transition.
I. INTRODUCTION
Ever since the pioneering works of Hawking [1] and Bekenstein [2] , black hole thermodynamics has been a fascinating field of research in gravitational physics. The discovery of phase transition between Schwarzschild-AdS and thermal AdS [3] and its corresponding phase transition in the boundary conformal field theory [4] have attracted much attention to the subject of phase transition in black hole thermodynamics [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] .
Recently, there has been interest in studying black hole thermodynamics in extended phase space. By taking cosmological constant as thermodynamic pressure [15, 16] and its conjugate quantity as thermodynamic volume, the first law of black hole thermodynamics would be complete. Investigations on black holes in extended phase space have shown that some black holes possess a critical behavior in analogy with the P − V criticality of van der Waals fluid [17] [18] [19] . The authors of [20] [21] [22] have checked the validity of original Ehrenfest equations at the critical point to find the nature of phase transition. For original Ehrenfest equations to be useful for charged (rotating) black holes, these authors take the charge (angular momentum) of the black hole to be constant. In this way, the work term ΦdQ (ΩdJ) is omitted from the first law and one could find the same Ehrenfest equations as in ordinary thermodynamics.
In this paper, we investigate charged Hořava-Lifshitz black holes in extended phase space. Hořava-Lifshitz gravity is a UV complete non-relativistic power-counting renormalizable theory of gravity proposed by Hořava [23, 24] , which reduces to Einstein's general relativity in the IR limit. Its black hole solutions were presented in [25] [26] [27] [28] and the thermodynamics of these black holes has * mb.jahani@iasbs.ac.ir † n riazi@sbu.ac.ir been investigated in [29] [30] [31] [32] [33] [34] [35] . The authors of [34] study the thermodynamics and phase transition of charged Hořava-Lifshitz black holes in non-extended phase space. They examine different topologies. The most interesting case is that of hyperbolic 2-space in which a phase transition takes place at the point where specific heat diverges. For uncharged Hořava-Lifshitz black hole, the thermodynamic quantities have been obtained in extended phase space [36] . There, it is shown that the phase transition takes place only for hyperbolic space. Our investigation on the extended charged Hořava-Lifshitz black holes is performed in three different ensembles; canonical ensemble in which both charge and pressure (cosmological constant) are taken to be constant; grand canonical ensemble with respect to electric charge, in which the electric charge exchanges between the black hole and its environment but pressure is fixed; and an ensemble in which both the charge and pressure are allowed to change. The specific heat has a divergent point in all of these ensembles which indicates a phase transition. We use the generalized version of Ehrenfest equations, developed recently in [37] , to further study the point at which the specific heat diverges. We show that, given the continuity of the first derivatives of the Gibbs free energy, all of the extended Ehrenfest equations are readily satisfied at the divergent point of the specific heat.
Our study of charged Hořava-Lifshitz black hole, also shows that the phase transition occurs at a sharp temperature at which the specific heat diverges. We prove that this is a sufficient condition for the Prigogine-Defay (PD) ratio to be equal to unity. So, we prove that the divergence of the specific heat at a sharp temperature is adequate for classifying the phase transition as second order. We also investigate local thermodynamic stability of charged Hořava-Lifshitz black hole under perturbations of cosmological constant (pressure) and charge of the black hole.
We use the geometric approach to investigate phase transition in extended phase space. Weinhold [38] and Ruppeiner [39] have introduced a Riemannian structure for thermodynamic equilibrium state space, but their proposed metrics are not invariant under Legendre transformation [40] . By invoking Legendre invariance, Quevedo presented the formalism of geometrothermodynamics [40] , which permits the construction of Legendre invariant metric. We investigate the scalar curvature of Weinhold, Ruppeiner, and Quevedo metric in the ensemble with varying charge and pressure to see if they produce the same result as the specific heat.
The outline of this paper is as follows. In Sect. II, the thermodynamics and phase transition of charged extended Hořava-Lifshitz black hole is investigated. In Sect. III, we prove that all of the extended Ehrenfest equations are valid at the divergent point of the specific heat. In Sect. IV we obtain conditions under which the Hořava-Lifshitz black hole is stable under the perturbations of the pressure and the charge. The study of the scalar curvature in the geometry of the extended thermodynamic phase space is presented in Sect. V. We give our conclusions in Sect. VI. The derivation of the extended Ehrenfest equations is given in an Appendix.
II. THERMODYNAMIC PHASE TRANSITION OF CHARGED HOŘAVA-LIFSHITZ BLACK HOLE
Hořava-Lifshitz theory is a power-counting renormalizable theory of gravity with an anisotropy between space and time [23, 24] . It can be treated as a candidate for a quantum gravity theory. In the last few years, its black hole solutions and the corresponding thermodynamics have been studied in literature [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] .
In ADM formalism the line element of spacetime is written as
where N and N i are the lapse and shift functions, respectively. Also g ij denotes the metric of fixed-time leaves of spacetime foliation with extrinsic curvature defined by
here the dot denotes the derivative with respect to time and covariant derivatives are with respect to g ij . The Lagrangian of Hořava-Lifshitz gravity is
where λ, κ, µ and ω are coupling constants. g is the determinant of the spatial metric g ij and C ij is the Cotton tensor defined by
Λ is the cosmological constant which we take to be negative. Also p is the momentum conjugate to the spatial components of the Maxwell field (φ, A) and α = −16/(κ 2 µ 2 Λ). Topological black holes are of the form
where dΩ 2 k is the line element of two-dimensional Einstein space with constant scalar curvature 2k. By plugging in the metric (5) into the Lagrangian (3), and using the new variable x = √ −Λr, we could write out the action as [26] 
where γ is the determinant of the 2-dimensional Einstein space with volume Ω k . B is a boundary term and
By varying the action (6), one obtains the equations of motionÑ
which result in
x + is the value of x for which f (r) = 0. q is related to the charge of the black hole as it will be seen shortly. Also, N (r) is constant and it could be set to one by rescaling the time coordinate. Mass, charge, temperature, and entropy of the black hole are respectively [26] 
in which S 0 is an integration constant. In a recent study [41] , phase space of the charged Hořava-Lifshitz black hole has been extended to include the thermodynamic pressure P = −Λ/8π and its conjugate quantity, referred to as thermodynamic volume V . So we may eliminate Λ in favor of P and write Eqs. (10) , (12) , and (13) as
where we have set κ 2 µ 2 Ω k = 4 for simplicity. By introducing thermodynamic pressure, mass of the black hole would be associated with the enthalpy and the first law of black hole thermodynamics takes the form [15] 
Using this equation and Eqs. (14) and (16), thermodynamic volume would be obtained as
where in the last equality we have used the identity
Also from Eqs. (17) and (14) we can find the electric potential
in which we have used the fact that the entropy (16) is just a function of r + and P and not the charge Q.
Here we investigate the possibility of phase transition through studying the behavior of the specific heat in three different ensembles. By taking the pressure to be constant, one would have canonical and grand canonical ensembles with respect to the elctric charge. In these cases our analysis of the specific heat reduces to that of [34] in non-extended phase space. We briefly give the results. First consider the ensemble in which both pressure and charge are constant. By using Eqs. (15) and (16), we obtain the specific heat at constant pressure and charge
It is obvious from Eq. (21) that for the case of hyperbolic 2-space with k = −1, the specific heat diverges at r +,c = 1/ √ 24πP , which is independent of the charge. In the next section, we prove that the continuity of the entropy, volume, and electric potential, along with the divergence of the specific heat, is sufficient for classifying the phase transformation as second order. By putting r +,c for event horizon radius in (15) with k = −1, the temperature at which the phase transition takes place is found to be T c = (3/ √ 6π 3 P )( Fig. 1 , the specific heat C P,Q is depicted as a function of horizon radius r + for three cases of spherical (k = 1), flat (k = 0), and hyperbolic (k = −1) 2-spaces. There is no divergence point for k = 1 or 0. This is different from the behavior of charged black holes in general relativity in which the specific heat only diverges for black holes with spherical horizon (k = 1) [17, 42] . One could further investigate the relations between topological black holes of Hořava-Lifshitz theory and that of Einstein gravity.
It was first pointed out in [26] that there exist a duality between temperature of topological black holes in Hořava-Lifshitz gravity with k = −1, 0, and 1 respectively to that of topological black holes in general relativity with k = 1, 0, and −1. This fact could be traced back to the presence of higher spatial derivative in the Lagrangian (3) of Hořava-Lifshitz theory. Without the higher derivative terms, the last term in the right hand side of Eq. (7) will be omitted. By solving the equations of motion (8) 
which is of the same form as the metric of ReissnerNordström-AdS black hole [42] . By using Eq. (22) one could obtain the specific heat of the black hole in the low-derivative theory. The duality which is pointed in [26] would then be obvious. If we let the charge exchange between the black hole and its environment (and take the pressure to be constant) we would have grand canonical ensemble with respect to the electric charge. By substituting Q from Eq. (20) into Eq. (15), we find
By using this equation and Eq. (16), we obtain the specific heat at constant pressure and electric potential Equation (24) has a divergent point for k = −1 which shows a second order phase transition. It has also two divergent points for the case k = 1, but none of them lies in the physical region, since the Hawking temperature is negative there. We plot the specific heat C P,Φ in Fig. 2 .
One can as well study the thermodynamics of charged extended black holes in an ensemble that both charge and pressure could vary. By using Eqs. (18) and (20) we can write temperature and entropy as a function of horizon radius r + , electric potential Φ, and thermodynamic volume V . The explicit expression for temperature in terms of r + , Φ, and V is where
(26) We have plotted the temperature (25) in Fig. 3 . Now we can calculate the specific heat C Φ,V = T ( ∂S ∂T ) Φ,V . The explicit equation for C Φ,V is too lengthy to write here but we have plotted it for the case k = −1 in Fig. 4 with Φ = 1, and V = −1. At r + = 0.65586 the specific heat and the temperature are zero, indicating the extremal black hole. The specific heat diverges at r + = 0.88443 which is indicative of a second order phase transition. It should be noted that the specific heat C Φ,V does not diverge for positive values of the thermodynamic volume. We do not have a clear explanation for the sign of the thermodynamic volume yet. But, as we will show in Sect. IV, local stability restricts the value of thermodynamic volume to be negative.
III. APPLICATION OF EHRENFEST SCHEME TO BLACK HOLES IN EXTENDED PHASE SPACE
For black holes with three independent parameters (i.e. temperature T , pressure P , and charge Q), classical Ehrenfest equations should be generalized. In the Appendix, by using the method of [37] we derive nine Ehrenfest equations for extended charged black holes in an ensemble with fixed electric charge and pressure. These equations are collected together in Table I . In grand canonical ensemble with respect to the electric charge, extended Ehrenfest equations can be read off from Table I by replacing Q by −Φ and Φ by Q. Besides, in an ensemble in which both charge and pressure could vary, extended Ehrenfest equations would be found by replacing Q by −Φ, Φ by Q, P by −V , and V by P .
In the limit of uncharged black hole, only the first equation
and the fourth one,
would remain, which are identical to the classical Ehrenfest equations. Here ∆ indicates the difference of the parameter before and after the transition.
In this section, we show that, given the continuity of the first derivatives of the Gibbs free energy, all of the extended Ehrenfest equations, including the classical ones, are satisfied at the point of the divergence of the specific heat.
By using the definition of the specific heat and volume expansion coefficient α from Table I , we have
in which we have used the identity (19) . Equation (29) could be transformed into
which proves the validity of the first extended Ehrenfest equation. Now, consider the definition of volume expansion coefficient α and isothermal compressibility κ. We have
which results in
This proves the validity of the fourth extended Ehrenfest equation. Following the same procedure as above and using the identity (19) , one can prove that all of the other extended Ehrenfest equations hold at the point of transition. The importance of the first and the fourth extended Ehrenfest equations is that, by using them, we can obtain the PD ratio defined as [43] 
From Eqs. (30) and (32) we obtain
By "c" we mean that the derivaives have to be taken at the critical point. We have
Since the critical point is at the minimum temperature, we conclude that the second term in Eq. (35) vanishes and we would obtain
which is the value of PD ratio for the equilibrium phase transition of second order. So, we have shown that the PD ratio is equal to one at the point where the specific heat diverges. The phase transitions for which the PD ratio is more than unity, are classified as glassy phase transitions [44] . Also, for such phase transformations, not all of the Ehrenfest equations are satisfied. In fact, the fourth extended Ehrenfest equation does not hold for the glassy phase transition [44, 45] . Extended Ehrenfest equations give us nine relations between the variation of pressure/charge and other thermodynamic quantities at the point of second order phase transition. Let us resume the case of charged Hořava-Lifshitz black hole with k = −1. The explicit expressions of the parameters which appear on the right hand side of extended Ehrenfest equations are given in Table II. The auxiliary function ζ, that appears in the expression of κ is given by
The parameters of Table II, have the same factor (24πP r 2 + − 1) in their denominators which also appear in the denominator of the specific heat (21) for the case k = −1. This factor forces all of these parameters diverge at the point of second order phase transition. Since the factor (24πP r 2 + − 1) cancels from the nominator and denominator of the right hand side of extended Ehrenfest equations, these equations remain meaningful at the point of transition. 
IV. LOCAL THERMODYNAMIC STABILITY
Consider a charged black hole in a thermal bath at constant temperature and electric potential and let the charge and pressure fluctuate. For the black hole to be in local thermodynamic stability, the second law must suppress the fluctuations of mass, charge, and pressure, so that the black hole does not evolve out of its equilibrium state. So by using the first law ∆M = T ∆S + Φ∆Q + V ∆P , one has for the locally thermodynamically stable black hole [46] 
Upon expanding the entropy around its equilibrium value, and using the first law, we obtain for small fluctuations
So the black hole would be stable if and only if the Hessian − ∂ 2 S ∂X a ∂X b is positive definite. An equivalent condition for local thermodynamic stability is to demand positive definity of the Hessian
. For the Hessian matrix
∂E a ∂E b to be positive definite, its determinant as well as the the determinant of
∂S 2 must be positive [47] . Now consider the charged Hořava-Lifshitz black hole. We have
in which
And
Also
. (41) The case of our interest is k = −1. So for the charged Hořava-Lifshitz black hole to be locally thermodynamically stable, the pressure must be limited from below and above by solutions of equations 8πP r
and
For fluctuations of the charge around Q = 1 the locally stable region of the black hole is shown in Fig. 5 for a specific range of parameters. The only physical region with positive temperature which is locally stable, is the blue part (the middle rigion) of the plot. For this region the thermodynamic volume is negative.
For an ensemble with fixed pressure and grand canonical with respect to electric charge the conditions for local stability reduces to positivity of Eqs. (40) and (41). This conditions is indeed equivalent to positivity of the specific heat (24) . This can be shown by defining the thermodynamic potentialM = M − ΦQ and using the definition of the specific heat C −1
∂S 2 ) P,Φ . In an ensemble for which both pressure and electric charge are fixed, the stability condition reduces to positivity of Eq. (41) which is equivalent to positivity of the specific heat (21).
V. SINGULARITIES IN THERMODYNAMIC GEOMETRY
The phase transition could also be investigated by incorporating geometric methods into thermodynamics. In an early work, Weinhold introduced Riemannian metric into equilibrium state space as the Hessian matrix of internal energy as a function of entropy and other extensive parameters [38] . In extended phase space it is convenient to work with enthalpy (mass) instead of internal energy. Since the enthalpy is related to the internal energy by the Legendre transformation H = M = E + P V , we define Weinhold metric as
g W ab is indeed the metric (39) . The scalar curvature of this metric is plotted in Fig. 6 . Its explicit expression is too lengthy to write here. Weinhold curvature, R W , diverges at r + = 0.88443 which is the divergent point of the specific heat. So R W could be used to find the point of the second order phase transition of Hořava-Lifshitz black holes in extended phase space. The region of phase space for which the charged Hořava-Lifshitz black hole is locally stable. We have considered hyperbolic (k = −1) 2-spaces with Q = 1. In the gray part (first region from left below) we have T < 0, V < 0. Also the black hole is unstable. In the green region (second from left below) the black hole is stable, but T < 0 and V < 0. In the blue region (middle one) the thermodynamic stability is satisfied, T > 0 and V < 0. In the red part (second region from right above) the black hole is unstable, T > 0 and V < 0. In the yellow region (the first one from right above) the black hole is unstable, T > 0 and V > 0. A few years after Weinhold, Ruppeiner proposed a similar metric defined as the Hessian matrix of entropy, where the derivatives are taken with respect to internal energy and other extensive variables [39] . It can be shown [48] that the line element of the Ruppeiner metric could be related to that of Weinhold via the conformal relation ds to the metric (39), we can calculate the scalar curvature of Ruppeiner metric, R R , the plot of which is presented in Fig. 7 . R R diverges at r + = 0.88443, at which the second order phase transition takes place. It also goes to infinity for the extremal black hole at r + = 0.65586.
An interesting feature of the Ruppeiner curvature is that it changes sign at r + = 0.78348 by passing through R R = 0. Such behavior of Ruppeiner curvature has also been reported for Takahashi gas [49] , finite one-and two-dimensional Ising models [50] , one-dimensional Potts model [51] , and two-dimensional ideal anyon gas [52] .
Whether there are deeper resemblances between these models and charged Hořava-Lifshitz black holes is left for future studies. Now, we study the Legendre invariant metric proposed by Quevedo [40] . In this formalism, which is known as geometrothermodynamics, we consider a (2n + 1)-dimensional thermodynamic phase space T , with coordinates {Φ, E a , I a }, a = 1, . . . , n. Φ represents thermodynamic potential, and E a and I a are extensive and intensive variables, respectively. The positive integer n indicates the number of degrees of freedom of thermodynamic system under study. We also consider the thermodynamic equilibrium state subspace of T , which is denoted by E and defined by the embedding map
with Φ = Φ(E a ). Furthermore, we introduce the fundamental Gibbs 1-form on T as
whose projection on E vanishes, giving the first law and conditions for thermodynamic equilibrium
In [53] Quevedo et al. have proposed the Legendre invariant metric (−1, 1, . . . , 1) , for the manifold T , which induces the metric
on the submanifold E, and can be used to investigate systems undergoing second order phase transition. For charged black holes in extended phase space in an ensemble that both charge and pressure could vary, we takeM = M −ΦQ−P V as the thermodynamic potential. By using the first law we have dM = T dS − QdΦ − P dV . So it would be convenient to take E c = {S, Φ, V }, and the Quevedo metric is found to be
We have plotted the scalar curvature of Quevedo metric in Fig. 8 . Like the case of Weinhold and Ruppeiner curvature, the scalar curvature of Quevedo metric diverges at the point of second order phase transition (r + = 0.88443). But Quevedo curvature has another divergent point at r + = 0.68953 for which the specific heat C Φ,V is finite. This result shows that the scalar curvature of Quevedo metric can not be used to uniquely predict the second order phase transition of extended charged Hořava-Lifshitz black hole. A similar result has been obtained for phantom Reissner-Nordeström-AdS black hole [54] .
VI. CONCLUSIONS
By treating cosmological constant as thermodynamic pressure and taking its conjugate quantity as thermodynamic volume, black holes become more like laboratory thermodynamic systems. In this paper, we have studied charged Hořava-Lifshitz black hole in three different ensembles; ensembles with fixed pressure and fixed/varying charge and an ensemble with both pressure and charge taken to be fixed. We have found that for black holes with hyperbolic event horizon (k = −1), the specific heat has a divergent point in all of these ensembles.
On the other hand, it is known that, in general relativity, the specific heat of charged black hole has a divergent point only for the case of spherical horizon (k = 1) [17] . In fact, there exist a duality between the solutions of (charged) Hořava-Lifshitz gravity with k = −1, 0, and 1 and that of Einstein(-Maxwell) theory with k = 1, 0, and −1, respectively. We have shown that the reason of this duality is the presence of higher derivative terms in the Lagrangian of Hořava-Lifshitz theory. More on the similarities between the charged black holes in Hořava-Lifshitz theory and Einstein gravity have been investigated in [35] . By calculating the critical exponents of charged Hořava-Lifshitz black hole it has been shown that the charged black hole in Hořava-Lifshitz gravity with hyperbolic horizon is in the same universality class as that in Einstein gravity with horizon of spherical topology.
Ehrenfest equations in extended phase space are presented in the three different ensembles. We showed that, given the continuity of the first derivatives of the Gibbs free energy, all of the extended Ehrenfest equations are satisfied even at the point where the specific heat diverges. The importance of (extended) Ehrenfest equations in black hole thermodynamics is that they express the variation of pressure and charge in terms of other thermodynamic quantities.
It is known in the context of non-equilibrium thermodynamics, that vitrification proceeds in some finite temperature interval [44] , and it has been shown in [55] , that this results in a value for PD ratio larger than one for glassy phase transitions. In this paper, we have shown that one obtains the value of PD ratio equal to one, directly from the fact that the specific heat diverges at a sharp temperature. So, the divergence of the specific heat at a sharp temperature in black hole thermodynamics rules out the possibility of glassy phase transition.
We have analyzed local stability of charged extended Hořava-Lifshitz black hole. If the black hole is locally unstable, any perturbations in thermodynamic parameters will drop the black hole out of its equilibrium state. By requiring the concavity of entropy function or equivalently the convexity of the mass of the black hole, we have found the conditions under which the black hole is locally thermodynamically stable. We have shown that the stable charged extended Hořava-Lifshitz black hole lies in a region of the phase space that the thermodynamic volume is negative.
We have also studied the phase transition of charged extended Hořava-Lifshitz black hole in thermodynamic geometry. We have examined Weinhold, Ruppeiner, and Quevedo metric and we have shown that the scalar curvature in all of these metrics have a divergent point at the point of second order phase transition. Ruppeiner curvature diverges for the extremal black hole as well. It also passes through R R = 0 and changes its sign, a behavior which is also reported for two-dimensional ideal anyon gas [52] and some others thermodynamic systems [49] [50] [51] . The problem arises for the Quevedo metric which has another divergent point at the point where no phase transition occurs. It is the matter of future studies to investigate other black holes in extended phase space in the context of geometrothermodynamics to see whether they produce similar results for phase transitions.
APPENDIX: EXTENDED EHRENFEST EQUATIONS
Here, we extend Ehrenfest equations to obtain nine relations between thermodynamic quantities which are true at the point in which the specific heat diverges. Our approach is based on the recently developed method of [37] . We consider the general case of charged extended black holes in an ensemble with fixed charge and pressure. In this ensemble the Gibbs free energy is defined as G = H − T S = M − T S. So, by using the first law (17), we have
Maxwell relations are obtained straightforwardly
The first derivatives of the Gibbs free energy are continuous at the divergent point of the specific heat. So, The above equation can be rearranged to yield
(A.56) Pressure P can be expressed as a function of T , S, and Q at least in principle, so Therefore, a total of nine independent extended Ehrenfest equations in canonical ensemble remain.
